Abstract. We show that the smooth horizontal Schubert subvarieties of a rational homogeneous variety G/P are homogeneously embedded cominuscule G ′ /P ′ , and are classified by subdiagrams of a Dynkin diagram. This generalizes the classification of smooth Schubert varieties in cominuscule G/P .
Introduction
The main result of this paper is a characterization of the smooth Schubert varieties of a rational homogeneous variety G/P that are integrals of a canonically defined subbundle of T (G/P ). Here G is a complex, semisimple Lie group, P is a parabolic subgroup of G, and T (G/P ) is the holomorphic tangent bundle. Every rational homogeneous variety G/P admits a unique minimal, bracket-generating, G-homogeneous subbundle T 1 ⊂ T (G/P ) of the (holomorphic) tangent bundle. The variety G/P is cominuscule if and only if T 1 = T (G/P ); equivalently, G/P admits the structure of a Hermitian symmetric space. These are the simplest rational homogeneous varieties; examples include the Grassmannian Gr(k, C n ) of k-planes in C n . From the work of Lakshmibai-Weyman, Brion-Polo, and J. Hong we have Theorem 1.1 ( [2, 6, 12] ). In the case that G/P is cominuscule, the smooth Schubert varieties X ⊂ G/P are homogeneously embedded cominuscule G ′ /P ′ , and are indexed by subdiagrams of the Dynkin diagram D of G.
Hong-Mok generalized Theorem 1.1, using the deformation theory to prove Theorem 1.2 ( [7] ). Suppose that G is simple and P is a maximal parabolic with the property that the associated simple root is not short. Then the smooth Schubert varieties X ⊂ G/P are homogeneously embedded G ′ /P ′ , and are indexed by subdiagrams of the Dynkin diagram D of G.
The main result (Theorem 1.3) of the paper is another generalization of Theorem 1.1. We say that a Schubert variety X ⊂ G/P is "horizontal" if it is tangent to T 1 at smooth points ( §2.4). The proof of Theorem 1.3 is based on the characterization of horizontal Schubert varieties (HSV) in [16] , and Theorem 1.2. Note that, in general, a smooth Schubert variety X ⊂ G/P need not be homogeneous (Example 3.4). As will be seen in the course of the proof, the subdiagrams D ′ may be explicitly characterized.
As an application of the main result we characterize the maximal parabolics P ⊂ G with the property that the Schubert variety swept out by the horizontal lines passing through a point is itself horizontal. This, and the material developed in §4, is motivated by anticipated applications to a current project of the authors [10] .
Horizontal Schubert varieties
2.1. Flag manifolds. Let G be a connected, complex semisimple Lie group, and let P ⊂ G be a parabolic subgroup. The homogeneous manifold G/P admits the structure of a rational homogeneous variety as follows. Fix a choice of Cartan and Borel subgroups H ⊂ B ⊂ P . Let h ⊂ b ⊂ p ⊂ g be the associated Lie algebras. The choice of Cartan determines a set of roots ∆ = ∆(g, h) ⊂ h * . Given a root α ∈ ∆, let g α ⊂ g denote the root space. Given a subspace s ⊂ g, let
The choice of Borel determines positive roots ∆ + = ∆(b) = {α ∈ ∆ | g α ⊂ b}. Let S = {α 1 , . . . , α r } denote the simple roots, and set (2.1)
Note that I(b) = {1, . . . , r} , and I = {i} consists of single element if and only if p is a maximal parabolic. Let {ω 1 , . . . , ω r } denote the fundamental weights of g and let V be the irreducible grepresentation of highest weight
Assume that the representation g → End(V ) 'integrates' to a representation G → Aut(V ) of G. (This is always the case if G is simply connected.) Let o ∈ PV be the highest weight line in V . The G-orbit G · o ⊂ PV is the minimal homogeneous embedding of G/P as a rational homogeneous variety.
Remark 2.3 (Non-minimal embeddings). More generally, suppose that V is the irreducible G-representation of highest weightμ = i∈I a i ω i with 0 < a i ∈ Z. Again, the G-orbit of the highest weight line o ∈ PV is a homogeneous embedding of G/P . We write G/P ֒→ PV . The embedding is minimal if and only if a i = 1 for all i ∈ I. For example, the Veronese re-embedding
The variety G/P is sometimes indicated by circling the nodes of the Dynkin diagram (Appendix A) corresponding to the index set I(p).
Schubert varieties.
In the case that G is classical (one of SL n C, SO n C or Sp 2n C), the Schubert varieties of a flag variety G/P may be described geometrically as degeneracy loci, cf. Example 2.8. However, these descriptions, aside from not generalizing easily to the exceptional groups, are type dependent. We will utilize a representation theoretic description of the Schubert varieties that allows a uniform treatment across all flag varieties. This section does little more than establish notation for our discussion of Schubert varieties. The reader interested in greater detail is encouraged to consult [16] and the references therein.
Given a simple root α i ∈ S, let (i) ∈ Aut(h * ) denote the corresponding simple reflection. The Weyl group W ⊂ Aut(h * ) of g is the group generated by the simple reflections
, which are understood to act on the left, is written (
The length of a Weyl group element w is the minimal number |w|
of simple reflections necessary to represent w. Let W p ⊂ W be the subgroup generated by the simple reflections {(i) | i ∈ I}. Then W p is naturally identified with the Weyl group of g 0 ss . The rational homogeneous variety G/P decomposes into a finite number of B-orbits
which are indexed by the right cosets W p \W. The B-Schubert varieties of G/P are the Zariski closures
Remark 2.4. Observe that the stabilizer P w of X w in G contains B, and is therefore a parabolic subgroup of G. 
Moreover, N w · o is an affine cell isomorphic to n w , and dim X w = dim n w = |∆(w)|. Indeed
For any w ∈ W p min we have
(The first equality holds for all w ∈ W, cf. [3, Proposition 3.2.14(3)].)
Example 2.8 (Schubert varieties in OG(2, C m )). Let ν be a nondegenerate, symmetric bilinear form on C m , and let
be the orthogonal grassmannian of ν-isotropic 2-planes in C m . Fix a basis {e 1 , . . . , e m } of C m with the property that
• with the property that
If m = 2r +1, then every Schubert variety of OG(2, C 2r+1 ) is G-congruent to one of (2.10a). If m = 2r is even, defineF r = span C {e 1 , . . . , e r−1 , e r+1 } .
Every Schubert variety of OG(2, C 2r ) is G-congruent to one of (2.10).
2.3. The horizontal subbundle. This section is a very brief review of the horizontal sub-bundle T 1 ⊂ T (G/P ), which may be characterized as the unique G-homogeneous, bracket-generating subbundle of the holomorphic tangent bundle. The reader interested in greater detail is encouraged to consult [16] and the references therein.
We will need an representation theoretic description of the horizontal sub-bundle, and for this it will be convenient to recall the notion of a "grading element." 2.3.1. Grading elements. Let {S 1 , . . . , S r } be the basis of h dual to the simple roots. A grading element is any member of span Z {S 1 , . . . , S r }; these are precisely the elements T ∈ h of the Cartan subalgebra with the property that α(T) ∈ Z for all roots α ∈ ∆. Since T is semisimple (as an element of h), the Lie algebra g admits a direct sum decomposition
In terms of root spaces, we have (2.11c)
The T-eigenspace decomposition is a graded Lie algebra decomposition in the sense that
a straightforward consequence of the Jacobi identity. It follows that g 0 is a Lie subalgebra of g (in fact, reductive), and each g ℓ is a g 0 -module. The Lie algebra (2.13) Two distinct grading elements may determine the same parabolic p. As a trivial example of this, given a grading element T and 0 < d ∈ Z, both T and dT determine the same parabolic. Among those grading elements T determining the same parabolic (2.13), only one will have the property that g ±1 generates g ± as an algebra. That canonical grading element is defined as follows. Given a parabolic p subalgebra (and choice of Cartan and Borel h ⊂ b ⊂ p), the grading element associated to p is (2.14)
The reductive subalgebra g 0 = g 0 ss ⊕ z has center z = span C {S i | i ∈ I} and semisimple subalgebra g 0 ss = [g 0 , g 0 ]. A set of simple roots for g 0 ss is given by S(g 0 ) = {α j | j ∈ I}.
2.3.3.
Definition. The (holomorphic) tangent bundle of G/P is the G-homogeneous vector bundle
.
Let E be the minimal grading element associated with p ( §2.3.2), and consider the associated grading (2.11). By (2.12) and (2.13), the quotient g ≥−1 /p is a p-module. Therefore,
defines a homogeneous, holomorphic subbundle of T (G/P ). This subbundle is the horizontal subbundle. We have T 1 = T (G/P ) if and only if G/P is cominuscule. A horizontal submanifold is an integral manifold of T 1 ; that is, a horizontal submanifold is any connected complex submanifold M ⊂ G/P with the property that T z M ⊂ T 1 z for all z ∈ M , or any irreducible subvariety Y ⊂ G/P with the property that T y Y ⊂ T 1 y for all smooth points y ∈ Y .
2.4. Horizontal Schubert varieties. The condition that the Schubert variety X w be horizontal is equivalent to ∆(w) ⊂ ∆(g 1 ), where ∆(w) is given by (2.6), cf. [16, Theorem 3.8] . A convenient way to test for this condition is as follows. Let
be the sum of the fundamental weights (which is also half the sum of the positive roots). Define
α . Proof of Lemma 2.17 . By definition, a Schubert variety X w ⊂ OG(2, C m ) is horizontal (equivalently, satisfies Griffiths's transversality condition) if and only if
Lemma 2.17 (Horizontal Schubert varieties in OG(2, C m )). Recall the Schubert varieties
(a) It is straight-forward to see that the condition
(In fact, E(t) lies in the Schubert cell.) As (2.19) clearly fails for E(t), we see that X a,b (F • ) is not horizontal. This establishes assertion (a) of the lemma.
(b) As noted in Example 2.8, the Schubert varietiesX a,r (F • ) are defined for a < r. Since
(As above, E(t) lies in the Schubert cell.) As (2.19) clearly fails for E(t), we see that
is not horizontal. This establishes assertion (c) of the lemma.
Smooth horizontal Schubert varieties
A homogeneously embedded, homogeneous submanifold of G/P is a submanifold of the form
where g ∈ G and G ′ is a closed Lie subgroup of G. Such a submanifold is isomorphic to G ′ /P ′ , where P ′ = G ′ ∩ P . Distinguished amongst the homogeneously embedded, homogeneous submanifolds of G/P are the rational homogeneous subvarieties X(D ′ ) corresponding to subdiagrams D ′ of the Dynkin diagram D of g. The correspondence is as follows: Identifying the nodes of D with the simple roots S of g, to any subdiagram we may associate a semisimple Lie subalgebra g ′ ⊂ g by defining g ′ to be the subalgebra generated by the root spaces {g ±α | α ∈ D ′ }. Note that the Dynkin diagram of g ′ is naturally identified with the subdiagram D ′ . Let G ′ ⊂ G be the corresponding closed, connected semisimple Lie subgroup. For such G ′ , the subgroup P ′ = G ′ ∩ P is a parabolic subgroup. The G ′ -orbit of P ∈ G/P is isomorphic to G ′ /P ′ and is the homogeneously embedded, rational homogeneous subvariety
Define the index set J = {j | g α j ⊂ g ′ }. Let F = j∈J S j be the corresponding grading element (Section 2.3.1), and let g = ⊕g ℓ be the F-eigenspace decomposition (2.11). Then g ′ = [g 0 , g 0 ] is the semisimple component of the reductive subalgebra g 0 . Let Q = P J be the corresponding parabolic subgroup of G (with Lie algebra q = g 0 ⊕ g + .) It follows from the discussion of [14, §2.7.1] 1 that 
The main result of the paper is Theorem 1.3. Let G/P be a rational homogeneous variety, and let X ⊂ G/P be a horizontal Schubert variety. If X is smooth, then X is a product of homogeneously embedded, rational homogeneous subvarieties
Since a homogeneously embedded Hermitian symmetric space is necessarily smooth, Theorem 1.3 is equivalent to: A HSV is smooth if and only if it is a horizontal homogeneously embedded Hermitian symmetric space. Theorem 1.3 is proved in Sections 3.1-3.5.
Example 3.4 (Symplectic Grassmannians). In this example we will (a) illustrate the construction of X(D ′ ) from D ′ ⊂ D, and (b) observe that not every smooth Schubert variety of a rational homogeneous variety is homogeneous; in particular, the assumption that X be horizontal in Theorem 1.3 is essential. Let ν be a non-degenerate, skew-symmetric bilinear form on C 2r . Fix i ≤ r. The symplectic grassmannian
is a rational homogeneous variety G/P , where G = Aut(C 2r , Q) = Sp 2r C and P = P i is the maximal parabolic subgroup associated to the i-th simple root. The Dynkin diagram of G (containing r nodes) is r r r r r corresponds to g ′ = sl 6 C and
Likewise, the encircled subdiagram r r r r r r r r ❡ ☛ ✡ ✟ ✠ corresponds to g ′ = sp 12 C and
Returning to the general case, we have i = r if and only if G/P is a Hermitian symmetric space. In this case, the T 1 = T (G/P ) so that every Schubert variety is a HSV. Moreover, a Schubert variety is smooth if and only if it is the homogenous submanifold associated to a Dynkin subdiagram [2] .
In contrast to the Hermitian symmetric case, if i < r and b = 2n − a − 1, then X a,b is smooth, but not homogeneous, cf. [15] . These Schubert varieties are not horizontal.
Remark 3.5 (Maximal parabolic associated to non-short root). If P is a maximal parabolic corresponding to a non-short simple root α i , then all smooth Schubert varieties of G/P are homogeneously embedded, rational homogeneous varieties X(D ′ ) corresponding to connected subdiagrams D ′ ⊂ D containing the i-th node, cf. [7, Proposition 3.7] . For example, the smooth Schubert varieties in the Grassmannian Gr(k, C n ) are all homogeneous.
3.1. Proof of Theorem 1.3: outline. The proposition is proved in three steps. First we reduce to the case that P is maximal (Section 3.2) . Then, the result [7, Proposition 3.7] of Hong and Mok establishes the proposition in the case that the associated simple root is not short (Section 3.3) . Third, we address the short root case (Section 3.4).
3.2.
Reduce to the case that P is maximal parabolic. Suppose that X is a HSV. Let w ∈ W p be the associated Weyl group element (Section 2.2), so that X = X w = Bw −1 o. The condition that the Schubert variety be horizontal is equivalent to ∆(w) ⊂ ∆(g 1 ) (Section 2.4). By definition α ∈ ∆(g 1 ) if and only if α(E) = 1. Equivalently, α(S i ) = 1 for exactly one i ∈ I, and α(S j ) = 0 for all other j ∈ I. Therefore, we have a disjoint union
It is straightforward to confirm that both ∆ i (w) and ∆ + \∆ i (w) are closed. Therefore, ∆ i (w) determines a Schubert variety
Let D denote the Dynkin diagram of G. Given i ∈ I, let D\{I\{i}} denote the subdiagram of D obtained by removing all nodes corresponding to j ∈ I\{i} (and their adjacent edges). Let D i denote the connected component of D\{I\{i}} containing the i-th node. Let G i ⊂ G denote the closed, connected semisimple Lie subgroup of G corresponding to
is rational homogeneous variety containing X i as a Schubert subvariety. Moreover, X i is horizontal for the IPR on O i . Finally, note that G i ∩ P is a maximal parabolic subgroup of G i -the corresponding index set is just {i}. Since X is smooth if and only if each X i is smooth, to prove the proposition, it suffices to show that X i is a homogeneously embedded Hermitian symmetric space.
This reduces the proof of the proposition to the case that P is a maximal parabolic, which we now assume. Let α i denote the associated simple root.
3.3. The case that α i is not a short root. Suppose that α i is not a short root of G. By [7, Proposition 3.7] , the Schubert variety X ⊂ G/P i is the homogeneously embedded, rational homogeneous subvariety corresponding to a subdiagram of D.
3.4.
The case that α i is a short root. In this case G/P i is one of the following five rational homogeneous varieties:
• Let ν be a nondegenerate symmetric bilinear form on C 2r+1 . Then the orthogonal grassmannian
of maximal, ν-isotropic subspaces is the rational homogeneous variety B r /P r = Spin 2r+1 C/P r , where P r is the maximal parabolic associated to the short simple root α r .
• Let ν be a nondegenerate skew-symmetric bilinear form on C 2r . Then the symplectic grassmannian
of i-dimensional ν-isotropic subspaces is the rational homogeneous variety C r /P i = Sp 2r C/P i , where P i is the maximal parabolic associated to the simple root α i . The simple root is short if and only if i < r.
• The exceptional F 4 /P 3 , F 4 /P 4 or G 2 /P 1 . Unfortunately, the Hong-Mok argument does not appear to extend to SG(i, C 2r ), F 4 /P 3 or G 2 /P 1 . Instead, we will see that, for each of the five G/P above, Theorem 1.3 follows from either (i) the Brion-Polo classification of smooth minuscule Schubert varieties, or (ii) existing descriptions of the HSV, or a combination of both.
3.4.1. The case that G/P = OG(r, C 2r+1 ). In this case, G/P is minuscule, cf. , the only Schubert variations of Hodge structure are (the trivial o ∈ G/P and) the P 1 ⊂ P 2 corresponding to the two subdiagrams
Therefore, any smooth HSV in F 4 /P 3 is a homogeneously embedded, rational homogeneous subvariety corresponding to a subdiagram of D.
3.4.4.
The case that G/P = F 4 /P 4 . By [16, Example 5.17] , the only Schubert variations of Hodge structure are (the trivial o ∈ G/P and) the P 1 ⊂ P 2 corresponding to the two subdiagrams
Therefore, any smooth HSV in F 4 /P 4 is a homogeneously embedded, rational homogeneous subvariety corresponding to a subdiagram of D.
3.4.5.
The case G/P = G 2 /P 1 . This variety is the quadric hypersurface Q 5 ⊂ P 6 . By [16, Example 5 .30], the only HSV are (the trivial o ∈ G/P and) the smooth P 1 ⊂ G/P which is the homogeneous submanifold corresponding to the circled subdiagram
Therefore, any smooth HSV in G 2 /P 1 is a homogeneously embedded, rational homogeneous subvariety corresponding to a subdiagram of D.
3.5. Fini. We have shown, in Sections 3.2-3.4, that given any rational homogeneous variety G/P (here the parabolic is arbitrary -P need not be maximal) any smooth HSV X ⊂ G/P is a product homogeneously embedded, rational homogeneous subvarieties
The condition that X (and therefore each X i ) be horizontal forces X i to be Hermitian symmetric. This completes the proof of Theorem 1.3.
Remark 3.6. It is possible that [2, Theorem 2.6] can be used to prove Theorem 1.3, as it was used to establish the homogeneity of minuscule and cominuscule Schubert varieties in [2] . The arguments of [2] are representation theoretic in nature; in the proof of Theorem 1.3, we elected for the more geometric approach of [7] .
Lines on flag varieties
Throughout this section we assume P is a maximal parabolic subgroup, and identify G/P with its image under the minimal homogeneous embedding G/P ֒→ PV of Section 2.1. The main result of this section is Proposition 4.3 which characterizes the flag manifolds G/P with the property that the Schubert variety swept out by the horizontal lines through a point is itself horizontal. The proposition is applied in [10] to study Fix a highest weight vector 0 = v ∈ V , so that [v] = o ∈ PV is the highest weight line. By (2.13), the tangent space T o (G/P ) is naturally identified with g/p as a p-module, and with g − as a g 0 -module; for the most part, we will work with the latter identification. The set of embedded, linear P 1 ⊂ PV containing o and tangent to G/P at that point is in bijection with Pg − = P T o (G/P ). To be precise, given a tangent line [ξ] ∈ Pg − , we have
Making use of this identification, let
be the set of lines on G/P passing through o. (For a general embedding G/P ֒→ PV , not necessarily minimal,C o is defined to be the variety of minimal rational tangents, cf. [8] .) The subvariety of lines tangent to
be the variety swept out by the lines that pass through o and are horizontal. The proposition is proved in Section 4.6.
4.1. Properties of C 0 . We now recall two properties of C o in the case that P is maximal (equivalently, I = {i} and E = S i ). The results that follow are due to [13] , where C o and C o are discussed for arbitrary (not necessarily maximal) P . In particular, C o is a rational homogeneous variety; indeed,
where Q ⊃ B is the parabolic subgroup defined by 
4.2.
Uniruling of G/P . We continue with the assumption that P is maximal; however, analogous statements follow for unirulings on general G/P . For the more general statements, it is convenient to use Tits correspondences, which are briefly reviewed in Section 4.3. Given x = go ∈ G/P , with g ∈ G, let C x = gC o denote the corresponding set of lines through x. (It is an exercise to show that C x is well-defined; that is, C x does not depend on our choice of g yielding x = go.) Then
forms a uniruling of G/P . (As will be shown in Corollary 4.12, this uniruling is parameterized by G/Q -that is, C ≃ G/Q.) 4.3. Tits correspondences. Tits correspondences describe homogeneous unirulings of a rational homogeneous variety G/P by homogeneously embedded, rational homogeneous subvarieties G ′ /P ′ ; these unirulings may be used to clarify the geometry of G/P . The material in Sections 4.5-4.6 is taken from [4, 5] . Given two standard parabolics P and Q = P J , the intersection P ∩Q is also a standard parabolic. 
the Tits transform is T (Σ) := η(τ −1 (Σ)).
4.4.
Tits transform of a point. The Tits transform of a point y ∈ G/Q will play a crucial rôle in our discussion of G/P and its Schubert varieties. What follows is a brief review of [14, §2.7 .1].
3
The Tits transform T (Q/Q) of the point Q/Q ∈ G/Q is the G ′ -orbit G ′ (P/P ) ⊂ G/P , where G ′ is the semisimple subgroup of G whose Dynkin diagram D ′ is obtained from the diagram D of G by removing the nodes I(q)\I(p). Therefore, T (Q/Q) ≃ G ′ /P ′ , where P ′ = G ′ ∩ P is the parabolic subgroup of G ′ with index set (2.1) given by I(p ′ ) = I(p)\I(q).
Since any point y ∈ G/Q is of the form y = gQ/Q for some g ∈ G, and T (gQ/Q) = gT (Q/Q), it follows that T (y) ≃ G ′ /P ′ and (4.7a) G/P is uniruled by subvarieties Σ isomorphic to G ′ /P ′ , and the uniruling is parameterized by G/Q.
Moreover, G/(P ∩ Q) is the incidence space for this uniruling. Precisely,
Remark 4.8 (P 1 -unirulings of G/P for maximal P ). In the case that P ⊂ G is a maximal parabolic (Section 2.1), there is a unique G-homogeneous variety G/Q parameterizing a uniruling of G/P by lines P 1 ; it may be identified by inspection of the Dynkin diagram D of g as follows. The maximality of P is equivalent to I(p) = {i} for some i. In order to obtain a uniruling by P 1 s, we must choose Q (equivalently, the index set I(q)) so that G ′ /P ′ = P 1 .
To that end, let J = {j = i | (α i , α j ) = 0} index the nodes in the Dynkin diagram that are adjacent to the i-th node. Then G ′ /P ′ ≃ P 1 (equivalently, G/Q parameterizes a uniruling of G/P by P 1 s) if and only if J ⊂ I(q). When I(q) = J we say that G/Q is the smallest rational G-homogeneous variety parameterizing a uniruling of G/P by lines P 1 .
4.5. Tits transform of a Schubert variety. The Tits transform preserves Schubert varieties; that is, if Y ⊂ G/Q is a Schubert variety, then so is X = T (Y ) = G/P . Moreover, X may be determined as follows. Let W q min be the set of (unique) minimal length representatives of the right cosets W q \W, and let W q max ⊂ W denote this set of (unique) maximal length representatives. If w 0 is the longest element of W q , then
A proof of the following well-known lemma is given in [4] . 
4.6.
Lines through a point. The following, first observed in [5] , is an immediate consequence of (4.7). Proof. By the maximality of P we have I(p) = {i}, cf. Section 2.1. Recall the Levi subgroup G 0 ⊂ G whose Lie algebra g 0 is the zero-eigenspace of the grading element E = S i associated with the parabolic p, cf. Section 2.1. Then the simple roots of the semisimple Lie algebra g 0 ss = [g 0 , g 0 ] are S\{α i }, the simple roots of g minus the i-th. As discussed in Section 4.1(a), we have
, where G 0 ss ⊂ G 0 is the semisimple subgroup with Lie algebra g 0 ss . Note the index set I(g 0 ss ∩ q) associated with the parabolic G 0 ss ∩ Q by (2.1) is I(q). As discussed in Section 4.1(a), the set I(q) indexes those nodes of the Dynkin diagram that are are adjacent to the i-th node. By Remark 4.8, G/Q is the minimal rational Ghomogeneous variety parameterizing a uniruling of G/P by lines P 1 s. The Tits transform Σ = T (P/P ) ⊂ G/Q is of the form G ′ /P ′ . From the descriptions of G ′ and P ′ in Section 4.4 and the discussion of Remark 4.8 we see that G ′ = G 0 ss and P ′ = G 0 ss ∩ Q. Thus, C o = Σ. Proof of Proposition 4.3. Part (a) of the lemma follows directly from Lemma 4.10 and Corollary 4.12. The argument for part (b) is based on the Tits transform recipe given by Lemma 4.9 and the characterization of horizontal Schubert varieties [9] . We will make use (without explicit mention) of observations made in the proof of Corollary 4.12.
To begin, let P ⊂ G be a maximal parabolic with index set I(p) = {i}, cf. Section 2.1. Let G/Q parameterize the uniruling of G/P by P 1 s. The right coset indexing the Schubert variety o = P/P ∈ G/P 22 is W p w 0 , where w 0 is the longest word of the Weyl group W p of g 0 . By Lemma 4.9, the Schubert variety Σ = T (P/P ) is indexed by the coset W q w 0 . Let w 1 ∈ W q max be the longest representative of W q w 0 = W q w 1 . Again, Lemma 4.9 implies T (Σ) is the Schubert variety indexed by the right coset W p w 1 . By Corollary 4.12, this is the Schubert variety X. Let w ∈ W p min be a shortest representative of W p w 1 = W p w. As discussed in Section 2.4, the Schubert variety X is horizontal if and only if ̺ w (E) = dim X. So the substance of the proof is to compute the integer ̺ w (E). Note that E = S i , cf. (2.14).
Let v ∈ W q min be the shortest Weyl element indexing the Schubert variety Σ. Let w ′ 0 ∈ W q be the longest element of the Weyl subgroup, so that w ′ 0 v = w 1 is the longest element indexing Σ. Then Proof of (4.13). Observe that W p is generated by the simple reflections {(j) | j = i}. Likewise, W q is generated by the simple reflections {(j) | j = i − 1, i + 1}. In particular, any element u of W q may be written as u ′ (i) with u ′ ∈ W p . The claim follows.
We return to the proof of is the grading element (2.14) associated with the parabolic q. Since g 0 is the zero-eigenspace of E = S i , this may be rewritten as ∆(v) = {α ∈ ∆ | α(E) = 0 , α(F) > 0} .
In particular, the roots of ∆(v) are precisely those positive roots α = m i α i such that m i = 0 and m j > 0 for some j ∈ I(q). Informally, the root α does not involve the simple root α i , but does involve some simple root adjacent to α i . Whence the reflection
has the property that the integer −2(α, α i )/(α i , α i ) ≥ 1 for every α ∈ ∆(v). It now follows from the second equality of (2.16) that ̺ w (E) > |w| if and only if α i is short.
Appendix A. Dynkin diagrams
For the readers convenience we include in Figure A .1 the Dynkin diagrams of the complex simple Lie algebras. Recall that: each node corresponds to a simple root α i ∈ S; two nodes are connected if and only if α i , α j = 0 and in this case the number if edges is |α i | 2 /|α j | 2 ≥ 1 (that is, i, j are ordered so that the inequality holds). Below, if G = B r , then r ≥ 3; and if G = D r , then r ≥ 4.
